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Abstract 

We study the effective field theory for fermions in the color-flavor locked (CFL) phase of high 
density QCD. The effective theory contains a flavor nonet of baryons interacting with a nonet of 
pseudoscalar Goldstone bosons as well as a singlet scalar Goldstone boson. The theory is similar 
to chiral perturbation theory in the one-baryon sector. We explain how to incorporate quark 
mass terms and study the spectrum as a function of the strange quark mass. Without meson 
condensation gapless baryon modes appears if the strange quark mass exceeds a critical value 
m 2 /(2pp) = A, where pf is the Fermi momentum and A is the gap in the chiral limit. We show 
that kaon condensation leads to a rearrangement of the baryon spectrum and shifts the critical 
strange quark mass for the appearance of a gapless mode to higher values. 
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I. INTRODUCTION 



The color-flavor-locked (CFL) phase is expected to be the ground state of three flavor 

nnn 

QCD at very high baryon density I2J, |3( • In this regime the Fermi momentum is much 
larger than the quark masses and flavor symmetry breaking in the QCD lagrangian can be 
ignored. However, at densities that can be achieved in compact stars or heavy ion collisions 
distortions of the pure CFL state due to non-zero quark masses cannot be neglected. 

This problem is usually addressed by studying the effect of a non-zero strange quark 
mass on the solution of a BCS-type gap equation The effect of the 

strange quark mass on the BCS solution is governed by the parameter m^/(p^A), where 
Pf is the Fermi momentum and A is the gap in the chiral limit. It was recently argued 
that if weak equilibrium and charge neutrality are taken into account a new phase of QCD, 



Hi [l2j Tins phase 



called the gapless CFL phase (gCFL), appears at m 2 /{2p F ) = A 
is characterized by the standard CFL pairing pattern which involves all flavors and colors, 
but the fermion spectrum contains gapless excitations. Similar phases were also discussed in 
the context of two flavor QCD and cold atomic gases The BCS equations predict 
that for m 2 /(2pp) = 2 A CFL pairing breaks down completely and a transition to a less 
symmetric phase takes place. 

In this work we shall study the effect of the strange quark mass using an effective field 
theory of the CFL phase. The effective field theory for Goldstone modes in the CFL phase 
was first discussed in [3] and mass terms were studied in [3, [l^. Bedaque and Schafer 
showed that if the strange quark mass exceeds a critical value m s ~ ml/ 3 A 2 ^ 3 the CFL 
phase undergoes a phase transition to a kaon (or kaon and eta) condensed phase jl8 . 
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A kaon condensate appears because the medium tries to reduce its strangeness content as 
the strange quark mass is increased. Since the energy gap for strange fermions is large but 
the gap for strange mesons is small, the easiest way to reduce strangeness is to form a Bose 
condensate of kaons. Kaon condensation is a second order phase transition. The strangeness 
and energy density carried by the kaon condensate are initially small. However, when vn 2 s jpp 
approaches the energy gap A the strangeness and energy density are of order A\pp/(2ii 2 )} 
and A 2 [p'p/(27T 2 )], respectively. These quantities are of the same order as the superfluid 
density and the BCS condensation energy. This implies that kaon condensation leads to a 
substantial modification of the CFL ground state. In the present work we shall investigate 
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the question how the Bose condensate affects the spectrum of fermions. 



II. QCD AT FINITE ISOSPIN DENSITY 

As a simple illustration for the interaction of a Bose condensate with fermionic excitations 
we briefly review the computation of the neutrons and proton dispersion relations in QCD at 



2l\ . The effective lagrangian describing the interaction of low energy 



C = fa-fD^ - m N (^ L ^ R + h.c.) + } -f {Tr (V^SV^) + 2B [Tr (MS) + h.c.}} , (1) 



finite isospin density 
nucleons with pions is 

T 

where ip is the nucleon field, S = exp(i7r a r a // 7r ) is the pion field, and M is the quark mass 
matrix. Also, uin is the nucleon mass, is the pion decay constant and B determines the 
pion mass, B(m u + m^) = m\. In the presence of a non-zero chemical potential for isospin 
the covariant derivatives are given by iD ip = id ip — [iit 3 ip and iVoS = z<9 S — fii[t 3 , S] with 
ts = T3/2. A positive isospin chemical potential lowers the energy of the neutron and the 
negative pion and raises the energy of the proton and the positive pion, E N = m N ±\ni\/2 
and E w ± = ± \ni\. This suggests that a gapless pion excitation appears at /i/ = m^, and 
a gapless neutron appears at fij ~ 2m ^. 

The appearance of a gapless pion excitation corresponds to the onset of pion condensation. 

In the pion condensed phase the expectation value of the chiral field S is given by 
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(S) = cos(a) + iti sin(a), cos(a) = — (2) 

The critical chemical potential for a gapless neutron to appear in the spectrum is outside 
the regime of validity of the effective theory, /i/ < A x ~ m p . However, the effective theory 
can be used to study how the pion condensate affects the nucleon dispersion relation. The 
nucleon energy in the pion condensed phase is En = ttin ± m\j \2\ni\). Note that this 
result matches smoothly to the dispersion relation in the vacuum at fij = m^. We observe 
that once pion condensation takes place there is no tendency for any of the nucleon states 
to become gapless. We also note that for fij > m, the eigenstates of the Hamiltonian are 
mixtures of neutron and proton states. 

This phenomenon can also be studied using a non-linear representation for the chiral 
field. Defining S = £ 2 we can write the nucleon part of the effective lagrangian as 

C = NY {iD„ - gAlsAJ N - m N NN, (3) 



where Nr = £i/jr, Nl = The covariant derivative is iD^N = {id^ — V^)N and the 

vector and axial-vector currents are given by 

V, = -~ (d, - i5, m T fj t* + ^ {d, - i<wf ) t) , (4) 
A = ~\ {i (d» - *'<Wif ) ^ " e f (fy - i^/y) e} • (5) 

The linear chiral theory given in equ. (0) leads to #a = 1, but chiral symmetry does not 
determine the value of the axial coupling constant. The covariant derivative takes into ac- 
count the interaction of the pionic iso- vector current with the nucleon. In the pion condensed 
phase there is a repulsive interaction between the iso-vector charge of the neutron and the 
pion condensate which cancels the shift of the neutron mass due to the chemical potential. 
In addition to the vector interaction, which is diagonal in flavor, there is off-diagonal mixing 
caused by the axial-vector interaction. This interaction, however, is suppressed by the large 
mass of the nucleon and does not affect the dispersion relation at leading order in the chiral 
expansion. 



III. EFFECTIVE FIELD THEORY FOR BARYONS IN THE CFL PHASE 



In the CFL phase we start from the high density effective lagrangian 22|, |23|, \2A \ 



C = Tr (yliiv ■ D)ip L + ^ R (iv ■ D)tfj R ) -TrU\ 
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+ - Tr (X VlX V L ) - [Tr (x^ L 



- - Tr (y^rY^r) - [Tr (y^r) 



+ h.c. 



+ h.c. 



Here, ipLR are left an d right-handed quark fields which transform as 



(6) 



ij R -> Ri/jrC 1 



(7) 



under chiral transformations (L,R) G SU(3)l x SU(3)r and color transformations C G 
SU(3)c- Also, is the SU{3)c covariant derivative, = (l,v) is the local Fermi velocity. 
We have suppressed the spinor indices and defined ipip = ip a ip^C a ^, where C is the charge 
conjugation matrix. The traces run over color or flavor indices. M is the quark mass term, 
and X, Y are fields that transform as 



X -> LXC 1 



Y -> RYC 1 



(8) 



We will assume that the vacuum expectation value is (X) = (Y) = 1. This corresponds to 
the CFL gap term A^l)"^^)^?^ — SjS^) — (L <-» R). For simplicity we have assumed 
that the gap term is completely anti-symmetric in flavor. This assumption is satisfied to 
leading order in the strong coupling constant. Our results are easily generalized to allow for 
a small admixture of a flavor symmetric gap. We will derive the effective lagrangian in the 
chiral limit M = M< = 0. The effect of the leading order mass term in equ. © is easily 
recovered using the symmetries of the effective theory. 
We can redefine the fermion fields according to 

Xl = iI>lX\ Xr = ^rY ] . (9) 
In terms of the new fields the lagrangian takes the form 

£ = Tr(xHiv-d)x) 

- i Tr (x\xlXv» (d, - aj) Xt) - i Tr (xk«^ " ^J) 

+ ^ {Tr ((xlXl) ~ [Tr ( Xl )] 2 ) - (Tr ( X rXr) ~ [Tr ( X r)} 2 ) + h.c) . (10) 

We can now integrate out fermion loops. Our aim is to derive an effective theory for Gold- 
stone bosons interacting with heavy fermions. From the construction of the theory it is clear 
that the heavy fermions can no longer occur in loops. Casalbuoni and Gatto showed that 
fermion loops generate a kinetic term for the chiral fields X and Y j3| 

C = - f -f {Tr ((Xt/VO 2 - ^(XtAX) 2 ) + Tr ((F^o^) 2 - v^D.Yf)}. (11) 

Here we have ignored the flavor singlet components of X and Y since they are not important 
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spectrum. The low energy constants f w and v n were calculated in [16], see 



271 ] . The results are 
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The gluon field acquires a mass due to the Higgs mechanism. This implies that the gluon is 
heavy and can be integrated out. Using equ. (fTTjl we get 

Al= l -(X%X + Y^»Y) + ... (13) 

This result can be substituted back into the lagrangian for the heavy degrees of freedom. 
The result can be simplified by using the gauge choice X = Y^ — £. The Goldstone boson 



field is given by S = XY> = £ 2 . The field £ transforms as £ — > L£C/t = U£R> where £/(x) 
is defined by the transformation law £ — > LUR) together with S = £ 2 . For global flavor 
transformations L = R = V we have i7(x) = V. In general, U(x) depends on the Goldstone 
boson field. We will also perform a further field redefinition for the fermion field, 

Nl = ?XlZ, N r = (14) 

The fermion field transforms as N — > UNU^. In agreement with the general analysis of 
the symmetries of the CFL phase we find that the fermion excitations are described by 
a field that transforms as a nonet of flavor SU(3). The field N transforms under U(1)b 
as N — > exp(i(f))N whereas the original quark field transformed as if) — > exp(i<p/3)ip. We 
conclude that N describes a baryon nonet. The effective lagrangian for the baryons is 

C = Tr (nHv^D^n) - DTr (iW 7s {A^ N}) - FTr (iW 75 [A„, N]) 

+ ^ {(Tr (N L N L ) - [Tr (N L )] 2 ) - (Tr (N R N R ) - [Tr (N R )} 2 ) + h.c) , (15) 

with D^N = d^N + i[V^, N] and, to leading order in ot s and 1/pf, D = F = 1/2. The vector 
and axial- vector currents are given by 

= -\ + , a, = - % -t (ajtf) e. (i6) 

Up to the presence of the gap terms, and some kinematic differences, this result has the 
same structure as the lagrangian of flavor 577(3) baryon chiral perturbation theory. This 
is in agreement with the general arguments presented in [2£| that the CFL phase is indis- 
tinguishable from a hyper-nuclear phase. We note, in particular, that the interaction of the 
baryons with the vector current is entirely dictated by chiral symmetry. 

Symmetry arguments can also be used to determine the leading mass terms in the effective 
lagrangian. Bedaque and Schafer observed that Xl = MM^ /(2pp) and X R = M'M/(2pp) 
enter equ. (jBJ) like left and right handed flavor gauge fields. We can make the baryon effective 
lagrangian invariant under this gauge symmetry by introducing the covariant derivatives 

D N = d N + i[r , N], r = -- {t (d + iX R ) $ + $ {do + iX L ) , (17) 
V S = <9 £ + iX L Y> - iY>X R (18) 

The terms involving Xi, X R are corrections of order M 2 /(ppA). The CFL phase has an 
approximate U(1)a symmetry which forbids terms linear in M. We performed a detailed 
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study of mass corrections in high density QCD in |17|. We showed, in particular, that in 
addition to the Xl,r terms included in equ. © there are other 0(M 2 ) terms which generate 
corrections of 0(M 2 /p 2 F ). These terms are suppressed by a factor of A/p F compared to the 
terms in equ. (fT7|) . 

There are two types of 0(M 2 /p 2 F ) terms. The first category contains N^N terms that 
are of the same structure as higher order corrections to the baryon sigma term in ordinary 
baryon chiral perturbation theory. An example is the term Tr(N^(j)+N), where <fi± = 0£±</># 
and (j>L = £M'i[),(f)ii = £'M£. The second category consists of 0(M 2 ) corrections to the 
gap. Chiral symmetry allows both terms like Tr(0+)Tr(AfAQ that do not violate the flavor 
symmetry of the gap term, and terms like Tr (0 + N(p + N) which break the symmetry. We 
note, however, that if we restrict ourselves to flavor anti-symmetric gap terms then we find 
that in the trivial vacuum £ = 1 there is no flavor symmetry breaking in the gaps. 

IV. BARYON SPECTRUM 

In the following we shall restrict ourselves to terms of order 0(M 2 /(ppA)). The baryon 
spectrum in the CFL phase is determined by 



where we have used D = F = 1/2. The covariant derivative is DqN = 8qN + i[pv, N] with 



We shall study the energy of particle and hole excitations as a function of the effective 
chemical potential /i s = m 2 /(2pF), neglecting terms of order m^,m^. We will focus on the 
minimum energy required to create an excitation. 

In the CFL vacuum we have £ = 1. As a function of n s the excitation energy of proton and 
neutron particles, as well as H~, 2° holes, is lowered, uo Ptn = A—fi s , while the energy of S~, S° 
particles and proton and neutron holes is raised, uj^ = A + fi s . All other excitation energies 
are independent of fi s . As a consequence we find gapless (p, n) and (H~, S ) -1 excitations at 

H= A. This result is in agreement with the fermion spectrum in "microscopic" calculations 
. Note that in microscopic calculations the energy shift is a combination of the effective 
chemical potential /i s and a color chemical potential required to keep the system color 
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FIG. 1: Baryon spectrum in the CFL phase as a function of m 2 s /{2pp) for F = D = 0. The figure 
shows the minimum energy required to create a particle or hole excitation. We have chosen the 
gap in the chiral limit to be A = 50 MeV and the critical value of fi s for K° condensation to be 10 
MeV. The dashed curves show the spectrum without K° condensation. In that case, gapless (p, n) 
particle and (H~ ,3°) hole excitations appear at m 2 /(2pp) = A. The full lines show the spectrum 
with kaon condensation included. In the K° condensed phase gapless (p, S + ) particle and (S~, £~) 
hole excitations appear at m 2 s /(2pp) = 2A. 

neutral. The effective theory is formulated in terms of gauge invariant variables and no color 
chemical potential is required. The physical effect of the color chemical potential is taken 
into account through the fact that, after integrating out the gauge field, the effective chemical 
potential acts on fermion fields in the adjoint rather than the fundamental representation 
of flavor SU(3). 

When the effective chemical potential /i s exceeds the mass of the kaon the ground state 
changes and a Bose condensate of kaons is formed. If isospin was an exact symmetry the 
energy of a K + or K° condensate would be exactly degenerate. In the real world, because 
m u < rrid, and because of the constraint of electric charge neutrality, a condensate of neutral 
kaons is favored. In the K° condensed phase we have 
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FIG. 2: Baryon spectrum in the CFL phase as a function of the parameter m 2 /(2pp) for F = D 
1/2. The parameters were chosen as in Fig. |2 



N 

6ro= cos(a/2) isin(a/2) , (21) 
^0 isin(a/2) cos(a/2) i 

with cos(a) = m 2 K / p 2 . In the weak coupling limit we have m 2 K = 3m u (md + m s )A 2 /(ii 2 f 2 ) 
where f n is given in equ. (|12j) . The vector charge density py remains diagonal in the K° 
condensed phase, while the axial charge density pa causes flavor mixing. We first analyze 
the spectrum in the absence of flavor mixing, i.e. for F = D = 0. The isospin and 
hypercharge components of the vector potential py are given by pi a = —p s (l/2 — cos(a)/2) 
and py = — /i s (l/4 + 3cos(a)/4). The excitation energies can now be determined from the 
(Is,Y) quantum numbers of the baryon nonet. We find 



^E+,S- 



A =)= p s cos(a), 
A T f (l-oos(a)), 
ATy(l + cos(«)). 



(22) 



The results are shown in Fig. ^ We observe that the (n, S°) system is exactly analogous to 
the (n,p) system in the case of QCD at finite isospin. After K° condensation takes place 



there is no tendency for neutron particle or S° holes to become gapless. However, even with 
K° condensation included, the proton excitation energy still drops as a function of p, s . In 
addition to that a new light mode, the S + , appears. The reason is that the K° condensate 
reduces the number of strange quarks at the expense of introducing extra down quarks 
into the system. As a consequence, there is an attractive interaction for baryons that have 
an excess of up quarks over down quarks. We note that nevertheless the critical effective 
chemical potential for which the proton and E + become gapless is twice the corresponding 
value in the CFL vacuum. 

When the axial coupling is taken into account there is mixing in the (p, S + , £~, H - ) and 
(n, E°, S°, A 8 , A ) sector. As a consequence the spectrum is more complicated. For p, s ^> m K 
the spectrum of the charged modes is given by 

^pE±H- = < (Pm)pS±H- = < (23) 

[ A ± jfi a , [ p F ~ jfJia, 

where p m is the momentum at which the dispersion relation has a minimum. The spectrum 
of the neutral modes is 

' A±±/i s + 0(//2), 

^n£°S°A = S A + 0(fi 2 8 ), (Pm)nT,o~o A = p F . (24) 

Numerical results for the eigenvalues are shown in Fig. |21 We observe that mixing within 
the charged and neutral baryon sectors leads to level repulsion. There are two modes that 
become light in the CFL window fi s < 2A. One mode is a linear combination of proton and 
S + particles, as well as S~ and S~ holes, and the other mode is a linear combination of the 
neutral baryons (n, E°, S°, A 8 , A ). 



V. CONCLUSIONS 

We have constructed an effective field theory for baryons in the CFL phase. We have 
shown that to 0(M 2 /(p F A)) mass terms in the effective theory are completely determined by 
the symmetries of high density QCD. We have computed the baryon spectrum as a function 
of the strange quark mass and showed that kaon condensation substantially modifies the 
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baryon spectrum. Both with and without kaon condensation we find that light baryon 
modes appear in the spectrum when m 2 s ~ PfA. We note, however, that kaon condensation 
increases the estimate for the critical strange quark mass at which gapless modes appear. 
We also emphasize that a reliable study of the possibility of a gapless phase requires a 
resummation of terms of all orders in (M 2 /(ppA)). Progress in this direction is reported in 
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